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O ■ Abstract 

o ; 

l/^ , A class of rational solutions of Toda lattice satisfying certain Backlund 

' transformations and a class of mixed rational-soliton solutions (quasisoli- 

tons)in wronskian form are obtained using the method of Ablowitz and 
Satsuma. Also an extended class of rational solutions are found using an 
appropriate recursion relation. They are also solutions of Boussinesq equa- 
tion and it is conjectured that there is a larger class of common solutions 
of both equations. 

o 

1 Introduction 

^ ■ The class of rational solutions was firstly investigated for KdV equation [Q, 0. 

A very simple way to find them was developed by Ablowitz and Satsuma (AS) 
and consists in taking the "long wave limit" in the multisoliton solution. 
The method was used successfully to obtain the rational solutions also for other 
nonlinear completely integrable systems [0], 0]. 

Mixed rational-soliton solutions (quasisolitons) of KdV equation were dis- 
covered by Ablowitz and Cornille and later were studied by H.Airault and 
M.J. Ablowitz They were also found using the limiting procedure of AS 0. 

In spite of the large popularity of Toda lattice (TL) as the most known and 
studied nonlinear integrable lattice model P] these types of solutions were very 
little investigated. In a previous paper following AS procedure we obtained the 
expressions for the first rational and mixed rational-soliton solutions 0. 
Let us summarize the main results of P| : 
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• one rational solution: 



/^^^ = in- et) (1) 
where e = ±1 depending on the propagation direction of the sohton. 

two rational solution: 

/f ) =n'-e- 1/4 (2) 
if the two solitons are moving in opposite directions, and 

) = 4(n - etf -{n- et) + 2et (3) 
if they move in the same direction, 
mixed 1-rational 1-soliton solution: 

/^^'^) = {n- et) + {n-et + B) exp{-2T]) (4) 

where 

r] = Pn- e't sinh P + r/(°) (5) 

and 



B 



cothP/2 if ee' = 1 
tanhP/2 if ee' = -1 



In all these expressions the soliton velocity was taken equal with unity and 
the solutions are written in Hirota's formalism. 

The aim of this paper is to investigate a larger class of similar solutions. In 
the second paragraph starting from a certain Backlund transformation and its 
solutions found by Hirota and Satsuma [|1^], a class of complex and implicitly 



nonsingular solutions is determined. In the next one a general form of 1-rational 



N-soliton solution is written down in a wronskian form [O. In the last section 



starting from a nonlinear superposition formula p| |jT2| the class of rational solu- 



tions is enlarged, some of them being different from those found using AS limiting 
procedure. It is observed that they satisfy also the Boussinesq equation and it 
is conjectured that there is a larger class of common rational solutions of both 



equations. This fact was somehow foreseen by Gibbon [|13[ in his study of the 
poles of Toda lattice and the connection with other Hamiltonian N-body systems 
and continuum limits as KdV and Boussinesq equations. 
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2 Rational Solutions 



The adimensional form of Toda equation [|l^] is given by: 

ynit) = exp [-{y„, - Vn-i)] - exp [-{Vn+i - Vn)] 



(6) 



where yn{t) is the displacement of the n-th particle from its equilibrium position. If 
we set: 

exp [-(?/„ - = — In fn{t) (7) 

and introducing in Hirota form for Toda equation is obtained: 



Di - 4 sinh' 



fn{t).fn{t) = 



(8) 



where Dt and Dn are the well known Hirota bilinear operators. 

Hirota and Satsuma have introduced the following Backlund transforma- 
tions (BT) for Toda lattice and equivalent systems: 



Dtf'n-fn + 2a sinh ]g'n-gn 

Dtg'n-9n + 2a'^ sinh {^]f'n-fn 
Pi sinh + cosh 

(32 sinh {-^^ + cosh 







g'n-Qn = 
fL-fn = 



(9) 

(10) 
(11) 

(12) 



where a, Pi and P2 are constants satisfying the relation: 

a-\Pl - 1) = a{P^, - 1) 

{fn, fn) and {gn, g'n) are pairs of solutions of Toda equation of the same type. 
The 1-soliton and 2-soliton solutions obtained from these BT are given by: 



/„ = 1 + exp (2r/ + 0) 
/; = l + exp {2r] + <f)') 
gn = l+ exp {2r] + ^) 
g'^ = l + exp (2r/ + ij') 



(13) 



and 



/„ = 1 + exp (2?7i + 0i) + exp (2?72 + 02) + exp (2(77i+?72) + 0i + 02+^i2) 
= 1 + exp (2r7i + 0;) + exp (2772 + ^2) + exp (2(r/i+r72) + 0'i + 02 + Ai2) 
gn = l + exp(2r7i+V^i) + exp (2172+ ^"2) + exp (2(771 + 772) + ^1+^^2 + ^12) 
gn = l + exp {27]i+^[) + exp (27/2+^^2) + exp (2(771 +772) +^2 + ^12) (14) 
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Here = ±1 depending on the propagation direction of the sohton. 

r]i = Qit - PiU + i^f' 



exp A 
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Vti = e-i sinh Pi 

ei exp Pi - 62 exp P2 
1 - eies exp (Pi + P2) 



and 



exp = eia~^(3i + (32 cosh Pj — sinh P, 

exp 0^ = eja~^/5i + /32 cosh Pj + sinh Pj 

exp'j/'j = eia~^{eial32 + /3i coshPj — sinhP,) 

exp = eia~^{eia[32 + (3i cosh Pj + sinh Pj) 

A class of complex solutions are obtained with a very simple chioce ofa, /3i and 
132 namely: 

a = i 
(3i = -(32 = 1 

In the limiting procedure of Ablowitz and SatsumaQ] the N-soliton solution is 
expanded in power series of P, Pj = SP^, with 6^0 and the phase shifts 
exp2rif^\i = 1, ...A^ are determined cancelling all the terms of orderO(P'^) with 
k at least smaller than A^. Then the N-rational solution is found from the first 
nonvanishing term of order O(P^) with > A^. 

In this way starting from the 1-soliton solutions (|1^) and taking exp 21]^ = 
(1 ± i)^^ the 1-rational solutions are found from 0(P) terms and are given by: 

= n - (1 - ie)/4 - et 

/; = n + (l-ze)/4-et (15) 
gn = n + (1 + ie)/4 - et 
g'^ = n-{l + ie)/A~et 
They satisfy the following symmetry relations: 

fn = 9n-l/2, fn = fi'n+1/2 

fn = gn,fn = 9n (16) 

where (*) means the complex conjugation. It is easily seen that they verify the 
BT (1^) and the Toda equation (H). In fact any expression 

fn = n±et + z 

^We have to take into account also that / and / exp {at + (3) are two equivalent solutions 
with a , (3 does not depending on t 
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with z a complex number is a solution of (^. 

In the case of 2-rational solutions two different expressions are obtained de- 
pending if the two solitons are moving in opposite direction (6162 = —1) or in the 
same direction(eie2 = 1). Thus if eie2 = —1 taking the limit Pi 0, P2 — »■ and 
choosing: 

exp2r/f^ = (1 +i)-\exp2r/f^ = (1 

the 0(1) and 0(P) terms cancel and the following 2-rational solutions are found 
from O(P^) terms: 

/„ = (n - 1/4)2 _ _ ^/4^2 _ 

= + 1/4)^ - + V4)^ - 1/4 (17) 
gn = {n^ 1/4)2 _ _ ^/4)2 _ 

= - 1/4)^ - (t + V4)^ - 1/4 

They satisfy the symmetry relations ([T6| ) and verify the BT ([T0| ) and Toda equa- 
tion (H) . 

When the two solitons are moving in the same direction eie2 = 1 the rational 
solutions are obtained from the O(P^) terms. As in our previous calculations 
the phase shifts have to be P dependent and with the choice: 

(0) -1 + It 

exp2,f = ^^^±^-^PiP2 

the terms of order 0(1), 0(P) andO(p2) are vanishing and from the 0(P'^) ones 
we get: 



fn 


= 4 


[n-{l- ze)/4 - 


etf- 


[n — 


(l-ze)/4- 


et] 


+ 2et + ie/2 


f 

J n 


= 4 


[n (1 - ie)/4 - 


etf- 


[n + 


(l-Z6)/4- 


et] 


+ 2et - ie/2 


Qn 


= 4 


[n + {l + ie)/4: - 




[n + 


(l + ze)/4- 


et] 


+ 2et + ie/2 




= 4 


[n - (1 + ie)/4 - 




[n — 


(l+2e)/4- 


et] 


+ 2et - ie/2 



Again the symmetry relations ([TBI) are satisfied and by straightforward calcula- 
tions one checks that they are solutions of BT and Toda equations. 

Higher order rational solutions can be found in the same way but the calcu- 
lations become more and more difficult. 

Beside the nice symmetry properties and their explicit form these solutions 
are no more singular, although their physical significance is not yet clear. 



5 



3 Mixed rational-soliton solution 



We shall study now the class of mixed rational- soliton solutions also known as 
quasisolitons. As mentioned in the Introduction they were investigated firstly for 
KdV using different methods. Previously we have shown that they exist 
also for Toda lattice [§. The method used was the same "long wave limit". In the 
present section we shall extend these calculations and we shall present an explicit 
form for the 1-rational N-soliton solution. The starting point is the expression 
of the (A^ + 1) soliton solution written as a wronskian determinant. Following 
Nimmo's UTTl notations we have: 



Et + 
Et + E:, 



El 



^{Et + E^ 

dt' 



{Et + ^2 



E 



N+l 



+ E 



N+l 



iiE^ 



N+l 



+ E 



dt^ 



(E 



N+l 



E 



N+l) 



where 



Ef = af exp [±Pin + etexp (iPj)], i = 1, ...A^ + 1 



Here af are functions of the initial phase r^^ and = ±1 depending on the 
propagation direction of the i-th soliton. The 1-rational N-soliton is obtained in 
the limit Pn+i O.This affects only the last line of the determinant. Dropping 
the index A^ -|- 1 we have to expand in power series of P and keeping only the 
linear terms we get: 



dP 



-AEn+i + ^AT+i) 



exp {et)e^ [(a+ + a") + P{n + j + et)(a+ - a') + O(P^) 
The vanishing of 0(1) terms gives: 

a"*" -|- a~ = 

and the 1-rational N-soliton solution is obtained from the 0{P) terms, namely: 



■^1,N 



it) 



Et + E^ ... + ... £,^Et + E^) 

^{Ejj + Ej^) ... j^{Ej^ + Ej^) 



En + En 
n + et 



e^{n + j + et) ... e^{n + N + et) 



Higher order rational-N soliton solutions can be found starting from Wronskian 
determinants of order (A^-|-2), (A^-|-3) and taking the limit Pn+i — > 0, Pn+2 — ^ 
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4 Extended class of rational solutions 



One of the main advantages of using the method of Backlund transformations is 
the possibihty to derive a nonhnear superposition formula [|r^. For Toda lattice 
starting from a given solution y^^ through two distinct BT the solutions y^^^ and 
y^^-* can be constructed. Interchanging the BT and assuming the permutability 
of the Bianchi diagram a new solution y^^'^'' is expressed in terms of yn\yn \ Vn^ 



by a simple algebraic relation fl^ : 

exp (^i^-^) - 7(^'^) + 2/1°) - 7^°) 
= exp {ylll-^ - 7^^) + yl^l-^ - 7 



(1) .,(1) I , (2) _ ^{2h ^1 (Vn^ - 7^^)) - ^2 exp {yW - 7(1)) 



zi exp {yl^l-^ - 7(2)) - Z2 exp {yUl-^ - 7(1)) 

(li 



Here 



and 



zi = Ai exp (7(0) - 7(1)) = exp (7(2) - 7(1-2)^ 
Z2 = A2 exp (7(0) - 7(2)) = exp (7(1) - 7(i'2)) 



where Ai, are constants. 
Then we have 



-00 Ai) Ai) 

-00 Z/n J - 11 exp(^y/,,_i j - ^nm^ 

k<n Jn Jn-k+1 



It is convenient to consider: 



f(i) 

lim 4^ 



J n 



'n-fc+1 

Then the superposition formula (|18|) becomes: 

.(1,2) - .(2) .(1) .(2) .(1) .(0) 

Jn+l '^lJn+lJn+2 ^2j?i+lJn+2 Jn+1 



(19) 



It can be used not only to generate higher order soliton solutions but also other 
types of solutions. We shall apply it to find a larger class of 2-rational solutions 
starting from f^^^ = const.. It is convenient and possible to use a simplified form 
of ([T9|) namely 

ff''^ = {zif?^£l - ^2/l^VSi)//Si (20) 
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Taking f^^ and fj^^ as the 1-rational solution 

and considering zi + Z2 = one obtains: 

= n^-t^ + (A, + A2 + l)n + (Ai - As)^ + (A1A2 + ^^^) (21) 



It is easily shown that for any complex numbers Ai, A2 , /^^'^^ is a solution of Toda 
lattice and with an appropriate choice of Ai and A2 namely Ai = A2 = —1/2 the 
already known 2-rational solution(^ obtained by the "long wave limit" method 
of Ablowitz and Satsuma is found. 

In fact any polinomial form — t"^ + an + bt + c such that — 6^ = 4c + 1 is a 
solution for Toda lattice where a, b and c are complex numbers. The solution(21) 
verifies identically these conditions. One can see that for 

Ai, A2 G {(2 - 3)/4, -(z - 3)/4, - l)/4, -(z - l)/4} 

we can recover the set of complex 2 rational solutions (|T7|). The above super- 
position formula is not useful to find also rational solutions written as 3-degree 
polinomials in n and t starting from 1-rational solutions. Perhaps more compli- 
cated higher order rational solutions can be found using it in the form of ratios 
of polinomials, but soon the calculations become very tedious. 

On the other hand it is worthily to mention the similarity of these solutions 
with the coresponding rational solutions of Boussinesq equation: 

{D^ - Dl-l/12Dt)f{x,t).f{x,t) =0 

. For this variant of Boussinesq equation the rational solutions are : 

x±t 

A{x±tf - {x±t) T2t 

They have been found by Ablowitz and Satsuma using the "long wave limit" 
method f^.Also, we can see that: 

x±t + X 
x^ — + ax + ht + c 

with 

a2 - 52 = 4c + 1 

are solutions for Boussinesq equation. As this equation is one of the continuum 
limit of the Toda lattice we can ask ourselves if there are more identical rational 
solutions of both equations. We conjecture that this happens, although they are 
not neccesary polinomials in Hirota formalism. 
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